We give necessary and sufficient condition for solvability of convolution equations in the space K K X of generalized distributions with restricted exponential M , w growth. Moreover, we study the topology of the space of convolution operators of
More precisely, the function w is defined by w s g , g ‫ޒ‬ , where w . g is a continuous, increasing function on 0, ϱ such that:
Ž . i g is concave and g 0 s 0;
Ž .
ϱ Ž Ž . 2 . ii H g t rt dt-ϱ; 1 Ž .
Ž . Ž . iii g t G a q b log 1 q t , t ) 0, for some real number a and b ) 0. Ž . Ž q . 1, then F s s s rp and G t s t rq are dual in the sense of Young. Throughout this work F and G will be functions defined as above, which are dual in the sense of Young. Ž . Ž . Ž .
X is a member of 0-neighborhood base of K K .
M , w
It follows from the above results that we can provide the space
with two topologies. The first topology, which is induced
, is of uniform convergence on bounded subsets of
uniform convergence on bounded subsets of K K X . The next result pro-vides the relation between and
THEOREM 2. The topologies and of O
Proof. Let W be a member of 0-neighborhood base in . It follows
where B is a bounded subset of K K and U is a member of 0-neighbor-
hood base of the topology of K K . Since K K is reflexive we can assume
which is a member of 0-neighborhood base of the topology X .
b Conversely, let W X be a member of 0-neighborhood base in the topology X . Without loss of generality we can assume that
where B X is a bounded subset of K K X and V X is a neighborhood of 0 in
which is a member of 0-neighborhood base in the topology . This b completes the proof of the theorem.
SOLVABILITY OF CONVOLUTION EQUATIONS IN
In this section we study the question of solvability of the convolution 
where G y1 is the in¨erse of the function G as in Section 2.
Ž .
Ž . We establish a condition which is equivalent to the conditions a and
If w s log 1 q and M x s x rp , our result coinw x cides with that of Pahk and Sohn 5 . Our main result is the following
Ž . ditions a and b of Theorem B are equi¨alent to the condition
The implication a ª b was established by Ibotson and w x Ž . Ž . Ž . Ž . Zielezny 4 . We prove the implications b ª c and c ª a .
which is the inverse of T U , is continuous. Assume that for a distribution
. and it suffices to show that u is in K K . To establish this, let be a M , w regularizing sequence in D D, hence it converges to the Dirac measure ␦ in
Ž . where all the terms on the sides of the equality in 3.3 are in K K . By M , w Ž . Ž . n taking the limit as approaches 0 it follows that
Ž . The implication c ª a . Let F F be the space of all continuous func-
We provide F F with the topology defined by the seminorms
Then F F becomes a Frechet space. Moreover, let G G be the space of all
With this norm G G is a Banach space. From the definitions of F F and
Ž . over, c implies that F F is a subset of G G with continuous embedding. Hence there exists a positive integer k and a constant C such that
follows that there exists a positive integer k such that
its Fourier transform S is an entire function which satisfies the following condition: for every ) 0 there exists ) 0 such that
Ž .
n sqigC where ⍀ is the Young dual of M.
Ž . Ž . Suppose that condition 3.1 is not satisfied. The inequality ** will give the desired contradiction. From the assumptions it follows that there exists Ä 4 n < < a sequence in ‫ޒ‬ , ª ϱ as j ª ϱ, such that Ž . j j j j n Ž< < < < < <. where s , , . . . , and the convolution is being taken k times. Ž . Now we work on the left hand side of ** for the functions ⌽ . We have
where the convolution product has been taken k -times. On the other hand one has,
F sup e ) ) иии ) x Ž .
And,
3.10 Ž . Ž .
Ž . Ž . Using inequalities 3.8 and 3.10 to estimate the right hand side of Ž .
< < 3.7 , and assuming that is large, one gets
By taking the limit of both sides of 3.11 as j converges to infinity, it follows that
Ž . Next we estimate the right hand side of ** . We have,
Ž . We estimate each of the terms on the right hand side of 3.13 separately. For the first term we apply the Paley᎐Wiener theorem to as element of D D. There exist constants C and A such that
Hence using the condition on S one has
Since w F , and using the properties of G and G it follows that Ž .
Ž . As j approaches infinity w will approach infinity and the right hand j Ž . Ž . sides of 3.14 and 3.15 converge to 0. Now we estimate the second term on the right hand side of inequalitŷ Ž . 3.13 . By the Paley᎐Wiener theorem applied to S, for any ) 0 there exist positive constants m , C such that 
From the properties of ⍀ it follows that
Thus by choosing k large enough and very small it follows that 1 e ⍀ ŽŽ qŽ1r k 1 .. .y⍀ Ž r k . is bounded for all . Thus on has
where in the last estimate we have used the properties of w to get
We will consider three cases:
Ž . w F w y and the right hand side of 3.18 becomes Ž .
As j approaches ϱ both terms on the right hand side of the above inequality converge to zero. 
